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1. Introduction
Let m,n be positive integers with m > n. Put Γm = SLm(Z) and denote by Γ∞ the





. For a positive




dn(Y [γ ])−s ,
where we put Y [γ ] = t γ Yγ and dn(Y [γ ]) is the principal minor of degree n. Then
En,m−n(Y, s) is absolutely convergent for s > m/2 and extended to a meromorphic func-







= Ên,m−n(Y, s) ,(1)
Ên,m−n(Y, s) = (det Y )1/2π−ns
n−1∏
i=0
Γ (s − i/2)ζ(2s − i)En,m−n(Y, s) .

















c(T ; Y1, Y2, s) exp(2πi tr(tT X)) .
This type of Fourier expansion of En,m−n(Y, s) was studied by Terras in [16] (see also
[18]). The result is particularly simple in the case m = 2n:
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b(T ; 2s)K(T ; Y1, Y2, s) exp(2πi tr(tT X)) +
∑
rankT <n
· · · ,
where K(T ; Y1, Y2, s) is a Bessel function of matrix argument and b(T , s) is given by
b(T , s) =
∑
X∈Mn()/Mn( )
ν(X)−s exp(2πi tr(tT X)) .
Here ν(X) is the product of the reduced denominators of the elementray divisors of X. The
series b(T , s) is the main arithmetic factor of the Fourier coefficients even in the general
case m = 2n.
As Terras noticed in [16] and [18], b(T , s) is an analogue of the singular series ap-
pearing in the Fourier expansion of the Siegel Eisenstein series of Spn(Z). As in the Siegel
case, the series b(T , s) has an Euler product expansion
b(T , s) =
∏
p:prime
bp(T , s) .
The purpose of this paper is to establish the relations between
• the local singular series bp(T , s) for square matrices,





(X, Y ) ∈ Mmn(Z/pZ)⊕2
∣∣∣ tXY ≡ T mod p} ,
• a generating function of the numbers of subgroups of fixed order of the finite
abelian p-group Znp/T Z
n
p, which may be called the divisor function for T .
The relation between bp(T , s) and αp(Em, T ) is completely analogous to the correspond-
ing result for the holomorphic Siegel Eisenstein series. As for the relation to the enumera-
tion of subgroups of a finite abelian group, it seems that no counterpart has been found in
the Siegel case.
We formulate the precise relations of these 3 objects above in §2 and prove them in §3
and §4. The interpretation of the local singular series as the divisor function for T allows
us to use properties of finite abelian groups to get explicit formulas for bp(T , s). This will
be done in §5. The interpretation as local densities will give another method of calculating
bp(T , s). We shall discuss it only briefly at the end of this paper and the details will appear
in a separate paper ([14]).
The relation of bp(T , s) with the divisor function for T was independently conjectured
and partly proved by Beineke and Bump ([1]). We thank them for showing us their manu-
script before publication. We also thank Y. Takegahara for useful information on literatures
on enumeration of subgroups of finite abelian groups.
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2. Formulation of the main results
Let p be a prime and n a positive integer. For a square matrix X ∈ Mn(Qp), let







max{1, p−νi } .(2)
We define the (local) singular series of square matrices by




−sep(tr(t T X)) dX (T ∈ Mn(Qp)) ,(3)
where dX is the additive Haar measure on Mn(Qp) normalized by
∫
Mn( p)
dX = 1, and
ep(x) = exp(2πix ′), x ′ being the fractional part of x. It is known that the singular series
b(T , s) appearing in the Fourier expansion of En,n(Y, s) coincides with the Euler product
b(T , s) =
∏
p:prime
bp(T , s) .
We say that T1 and T2 ∈ Mn(Qp) are similar if there exist u1, u2 ∈ GLn(Zp) such
that T2 = u1T1u2. It is easy to see that the value of the integral bp(T , s) depends only on
the similarity class of T .
The following theorem is an analogue of Kitaoka [10, Corollary 1] for the Siegel case.
THEOREM 1. (i) The singular series bp(T , s) absolutely convergent for s >
2n − 1 and vanishes unless T is integral.




with T1 ∈ Mr(Zp) ∩ GLr(Qp). Then












By Theorem 1 (ii), we may restrict our attention to matrices T in Mn(Zp) with




λ = (λ1, . . . , λn) ∈ Zn
∣∣ λ1 ≥ · · · ≥ λn} , Λ+n = Λn ∩ (Z≥0)n(4)
and




∣∣ λ ∈ Λ+n } gives a complete set of representatives of the similarity classes in
Mn(Zp) ∩ GLn(Qp), it is enough to consider bp(Pλ, s) (λ ∈ Λ+n ).
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For A ∈ Mm(Zp) ∩ GLm(Qp) and B ∈ Mn(Zp) ∩ GLn(Qp), define the local density






(X, Y ) ∈ Mmn(Z/pZ)⊕2
∣∣ tXAY ≡ B mod p} .
The limit αp(A,B) exists since p−(m
2−n2)Np(A,B) is independent of  when  is suffi-
ciently large. It is obvious that αp(A,B) depends only on the similarity classes of A and
B.
For λ ∈ Λ+n we define the finite abelian p-group Gλ by
Gλ = Zp/pλ1Zp ⊕ Zp/pλ2Zp ⊕ · · · ⊕ Zp/pλnZp .
Put |λ| = λ1 + · · · + λn. Then we have |Gλ| = p|λ|. For k ∈ Z (0 ≤ k ≤ |λ|), denote




















(see §4.1), we may call Zλ(s) the divisor function for Pλ.







converges to bp(Pλ, s). Moreover we have
bp(P
λ, s) = Zλ(s − n) ·
n−1∏
i=0
(1 − p−(s−i)) .
(ii) For positive integers m ≥ n ≥ 1 and λ ∈ Λ+n , we have
bp(P
λ,m) = αp(Em,Pλ) .
The identity in Theorem 2 (i) was found independently by Beineke and Bump (see [1])
as an identity expressing values of the spherical Shalika function attached to a degenerate
principal series representation of GL2n(Qp) in terms of Zλ(s).
The functional equation (1) of the Eisenstein series En,m−n(Y, s) yields a functional
equation that connects bp(T , s) with bp(T , 2n− s). As the proof of the following corollary
shows, the functional equation satisfied by bp(T , s) is an immediate consequence of the
duality of finite abelian groups.
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COROLLARY. For any T ∈ Mn(Zp) ∩ GLn(Qp), the singular series bp(T , s) is a
polynomial of p−s with Z-coefficients. Moreover it satisfies the functional equation
b̂p(T , 2n − s) = b̂p(T , s) , b̂p(T , s) = |det T |
−s/2
p∏n−1
i=0 (1 − p−(s−i))
· bp(T , s) .
Proof. The first part is an immediate consequence of Theorem 2 (i). The duality of
finte abelian groups implies the identity Nk(λ) = N|λ|−k(λ). Hence Zλ(s) satisfies the
functional equation
Zλ(−s) = p|λ|sZλ(s) .(7)
The second part follows from this identity. 
3. Proof of Theorem 1
We mimic Kitaoka’s proof of [10, Theorem 1].
3.1. First we transform the integral on the right hand side of (3) into a more manage-
able form. It is easy to see that, for any X ∈ Mn(Qp), there exist C ∈ Mn(Zp)∩GLn(Qp)
and D ∈ Mn(Zp) such that X = C−1D and the n by 2n matrix (C,D) is primitive,
namely, (C,D) is extended to a unimodular matrix of size 2n. We denote by Lpr(n) the
set of primitive matrices (C,D) ∈ Mn,2n(Zp) such that det C = 0. Then the mapping
Lpr(n)  (C,D) → C−1D ∈ Mn(Qp) induces a bijection of GLn(Zp)\Lpr(n) (resp.





) ∣∣∣∣ U ∈ Mn(Zp)
}
.
Moreover we have νp(X) = |det C|−1p for X = C−1D with (C,D) ∈ Lpr(n). Hence, for
T ∈ Mn(Zp), we have
bp(T , s) =
∑
(C,D)∈GLn( p)\Lpr(n)/Γu
|det C|sp ep(tr(tT C−1D)) .
We also consider the set L(n) = { (C,D) ∈ Mn,2n(Zp) ∣∣ det C = 0} without primitivity
condition and put
b̃p(T , s) =
∑
(C,D)∈GLn( p)\L(n)/Γu
|det C|sp ep(tr(tT C−1D)) .
Since the mapping
GLn(Zp)\(Mn(Zp) ∩ GLn(Qp)) × GLn(Zp)\Lpr(n)/Γu −→ GLn(Zp)\L(n)/Γu
(A, (C,D)) −→ A(C,D)
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is one to one, we have







|det C|sp ep(tr(t T C−1D))




1 − p−(s−i) .
The set{
(C,D)
∣∣ C ∈ GLn(Zp)\(Mn(Zp) ∩ GLn(Qp)), D ∈ Mn(Zp)/CMn(Zp)}
gives a complete set of representatives of GLn(Zp)\L(n)/Γu. Hence








To prove the convergence, it is enough to consider bp(0n, s). Since 	(Mn(Zp)/CMn(Zp)) =









1 − p−(s−n−i) .
The sum is absolutely convergent for s > 2n − 1. Since bp(0n, s) is a subseries of






1 − p−(s−n−i) .
3.2. Since νp(X) depends only on the coset X + Mn(Zp), we have







ep(tr(t T Y ))dY .
It is easy to see that the integral with respect to Y is equal to 1 or 0 according as T ∈
Mn(Zp) or ∈ Mn(Zp). Hence
bp(T , s) =
{∑
X∈Mp(p )/Mn( p) νp(X)
−sep(tr(t T X)) (T ∈ Mn(Zp)) ,
0 (T ∈ Mn(Zp)) .
This proves the first part of Theorem 1.
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. If T is similar to T̃1,
then bp(T , s) = bp(T̃1, s). Hence we may assume that T = T̃1. We can choose a complete






C1 ∈ GLr(Zp)\(Mr(Zp) ∩ GLr(Qp)),
C2 ∈ Mn−r,r (Zp)/Mn−r,r (Zp)C1,
C3 ∈ GLn−r (Zp)\(Mn−r (Zp) ∩ GLn−r (Qp))
⎫⎬
⎭ .












D2 ∈ Mr,n−r (Zp)/C1Mr,n−r (Zp),
D3 ∈ Mn−r,r (Zp)/C3Mn−r,r (Zp),
D4 ∈ Mn−r (Zp)/C3Mn−r (Zp)
⎫⎪⎪⎬
⎪⎪⎭
gives a complete set of representatives of Mn(Zp)/CMn(Zp). Hence it follows from the
identity (9) that
b̃p(T , s) =
∑
C1,C2,C3































1 − p−s+n+i .
Combining this identity with (8), we obtain












4. Proof of Theorem 2
4.1. Fix a λ ∈ Λ+n . It is well-known that Gλ ∼= Znp/PλZnp. We identify these two




X ∈ Mn(Zp) ∩ GLn(Qp)
∣∣X−1Pλ ∈ Mn(Zp)} .
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[Znp : XZnp]−s = v−1n
∫
Dλ





dX = (1 − p−1)(1 − p−2) · · · (1 − p−n) .



















































⊕2  (X, Y ) −→ p−n2
∫
p−Mn( p)
ep(tr(T (XY − Pλ)) dT
is the characteristic function of
{
(X, Y ) ∈ Mn(Zp)⊕2
∣∣ XY ≡ Pλ mod p}. Therefore




























|det X|sp dX .













−(s+n)ep(−tr(T Pλ))dT = Zλ(s) ·
n∏
i=1
(1 − p−(s+i)) .
The right hand side of the identity is independent of . Hence, for s > n − 1, we obtain
bp(P






= Zλ(s − n) ·
n−1∏
i=0
(1 − p−(s−i)) .
This proves the first part of Theorem 2.
REMARK. The relation proved above can be formulated as b̃p(P λ, s) = Zλ(s −
n). There exists another proof of this relation based on (9). For T with rankT = n, the
exponential sum on the right hand side of (9) is equal to |det C|−np or 0 according as t T C−1
is integral or not. Hence b̃p(T , s) is equal to
∑
C |det C|s−np , where the summation is taken
over all C ∈ GLn(Zp)\(Mn(Zp) ∩ GLn(Qp)) with integral t T C−1. It is easy to see
that this coincides with Zλ(s − n). This proof is simpler than the one given above, which
however gives a better condition on the (conditional) convergence of the singular series.
4.2. Let λ be an element in Λ+n . Take a positive integer  such that  > λ1 =
max{λ1, . . . , λn}. Then we have
p−n(2m−n)	
{
(x, y) ∈ Mmn(Zp/pZp)⊕2
































This depends only on the elementary divisors of T and we may assume that T is of the










x, y ∈ Mmn(Zp/pZp)












(−tr(T Pλ)) dT .








(−tr(T Pλ)) dT = bp(Pλ,m)
and Theorem 2 is completely proved.
5. Explicit formulas for bp(Pλ, s)
Theorem 2 provides us several methods of calculating bp(Pλ, s) explicitly.
5.1. Calculation based on finite abelian group theory
The number of subgroups of a fixed order is a fundamental invariant of a finite abelian
(p-) group and has been studied in a number of literatures. We can make good use of
results previously obtained for finite abelian groups for the calculation of Zλ(s), and hence
of bp(Pλ, s). We give here 3 different formulas (Theorems 3, 4, 5) for Zλ(s).
For λ = (λ1, . . . , λn) ∈ Λ+n , let i be the positive integer for which λ1 = · · · = λi >
λi+1. Then the following recursion formula is known (Stehling [15]):
Nk(λ) = Nk(λ∗) + p|λ|−kNk−λi (λ′) ,(10)
where
λ′ = (λ1, . . . , λi−1, λi+1, . . . , λn), λ∗ = (λ1, . . . , λi−1, λi − 1, λi+1, . . . , λn) .
Using the identities (7) and (10), we can prove the following recursion formula for Zλ(s).




Zλ′(s − 1) − p−(λ1+1)s+|λ′|Zλ′(s + 1)
)
.
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Proof. Put λ̃ = (λ1 + 1, . . . , λn). Then, the recursion relation (10) yields the identity
Nk(λ̃) = Nk(λ) + p|λ|−k+1Nk−λ1−1(λ′) .













= Zλ(s) + p−(λ1+1)sp|λ′|Zλ′(s + 1) .
Hence we have
Zλ̃(s) = Zλ(s) + p−(λ1+1)sp|λ
′|Zλ′(s + 1) .(11)
Substituting s by −s and applying the duality relation (7), we also have
p(|λ|+1)sZλ̃(s) = p|λ|sZλ(s) + p(λ1+1)s+|λ
′|p|λ′|(s−1)Zλ′(s − 1)
and hence
Zλ̃(s) = p−sZλ(s) + Zλ′(s − 1) .(12)
Now the lemma follows immediately from (11) and (12). 







i=0 (d > 0) ,
0 (d = 0) ,
−∑−1i=d (d < 0) .
Notice that, under the convention, the identity
1 − xd





























Proof. We prove the theorem by induction on n. When n = 1 and λ = (λ1), then





xi1 , x = p−s .
































If we substitute i2 in the summation with respect to i2 by




































































This proves the theorem. 
REMARK. In [3], Bhowmik derived a closed formula for Zλ(s) from the recursion
formula (12). Theorem 3, which is based on Lemma 5.1, is simpler than the formula given
in [3].
Let Nλμ be the number of subgroups of Gλ isomorphic to Gμ. The following formula
for Nλμ is due to Miller [12] and has been rediscoverd by several authors independently ([2],
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[6], [7]. See also [5]). We also gave a proof of the formula in [9] without knowing these
earlier works.























i=1 (1 − qi)
,
the q-binomial coefficients.














where μ ≤ λ means that μi ≤ λi for ever i.
Yet another formula for Zλ(s) can be derived immediately from a formula for Nk(λ)
obtained by Butler in [4].











where n(λ) = ∑ni=1(i −1)λi , |λ| = λ1 +· · ·+λn and Kλ,μ(t) are the Kostka polynomials,
which describe the transition matrix from Schur functions to Hall-Littlewood functions (see
[11]).
5.2. Comments on local densities
Since bp(T , s) is a polynomial of p−s (Corollary to Theorem 2) and bp(T ,m) =
αp(Em, T ) for positive integers m greater than or equal to n (Theorem 2 (ii)), the values of
the local densities αp(Em, T ) for sufficiently many m determine bp(T , s) completely.
Several methods of calculating local densities of alternating, hermitean and symmetric
matrices have been developed in [8], [9], [13] (and some related works of Y. Hironaka).
Those methods can apply to the case of square matrices and we obtain explicit formulas for
αp(A,B) and hence for bp(T , s). For example, the method in [8] gives the same result as
in Theorem 5. The details of the calculation will appear in a separate paper ([14]).
Theorem 2 shows also that the local density αp(Em,Pλ) is related to the enumeration
of subgroups of Gλ. It is natural to ask whether general local densities αp(Pμ, Pλ) (μ ∈
Λ+m, λ ∈ Λ+n ) have any relations to enumeration problems in finite abelian group theory.
The following is an answer to this question in the case m = n.
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PROPOSITION 5.3. For λ,μ ∈ Λ+n , denote by N(λ,μ) the number of pairs (M,N)
of subgroups of Gλ such that N ⊂ M and M/N ∼= Gμ. Then we have









1 − p−j ,
where μ̌ is the transpose of μ and μ̌0 = n.
Proof. We identify Gλ with Znp/P
λZnp. For subgroups M,N satisfying
Gλ ⊃ M ⊃ N ⊃ {0}, M/N ∼= Gμ ,(13)
there exist X,Y ∈ Mn(Zp) ∩ GLn(Qp) such that
M = XZnp/PλZnp , N = XPμZnp/PλZnp , XPμY = Pλ .(14)
Conversely, for any X,Y ∈ Mn(Zp) ∩ GLn(Qp) satisfying XPμY = Pλ, the sub-
groups M,N defined as in (14) satisfy the condition (13). Furthermore, for X,Y,X′, Y ′ ∈
Mn(Zp) ∩ GLn(Qp) satisfying XPμY = X′PμY ′ = Pλ, the subgroups determined by
X,Y coincide with those determined by X′, Y ′ if and only if there exists a u ∈ GLn(Zp) ∩
PμGLn(Zp)(P
μ)−1 such that X′ = Xu. Hence, if we put Kμ = GLn(Zp)∩PμGLn(Zp)(Pμ)−1,
we have
N(λ,μ) = 	 [{X ∈ Lp(Zp) ∣∣ XPμY = Pλ (∃Y ∈ Mn(Zp) ∩ GLn(Qp))} /Kμ] .







If k and  are sufficiently large and   k  0, then
	(XKμ mod p) = 	(Kμ mod pX−1Mn(Zp))
= 	(Kμ mod pk)	(pkMn(Zp)/pX−1Mn(Zp))




























∣∣∣ XPμY ≡ Pλ (mod p)}

















(1 − p−j ) ,
we obtain the propositon. 
By this proposition, we can calculate the local density αp(Pμ, Pλ) (λ,μ ∈ Λ+n )
group-theoretically.






















where μ ≤ τ ≤ λ means that μi ≤ τi ≤ λi for all i.
Proof. Since N(λ,μ) = ∑τ Nλτ Nτμ, the corollary follows immediately from Propo-
sition 5.2. 
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